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Abstract. We consider conservation laws with source terms in a bounded 
domain with Dirichlet boundary conditions. We first prove the existence of 
a strong trace at the boundary in order to provide a simple formulation of 
the entropy boundary condition. Equipped with this formulation, we go on 
to establish the well-posedness of entropy solutions to the initial-boundary 
value problem. The proof utilizes the kinetic formulation and the compensated 
compactness method. Finally, we make use of these results to demonstrate the 
well-posedness in a class of discontinuous solutions to the initial-boundary 
value problem for the Degasperis-Procesi shallow water equation, which is a 
third order nonlinear dispersive equation that can be rewritten in the form of 
a nonlinear conservation law with a nonlocal source term. 
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In this article we consider scalar conservation laws with source terms on a 
bounded open subset C M'* with boundary: 

dtU + dW^A{u) ^ S{t,x,u), {t,x)eQ:^iO,T)xn, (1) 
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where T > is a fixed final time and the flux function A E satisfies the genuine 
nonhnearity condition 

^({^ I T + C-^'(O = 0})-0, for every (r,0^(0,0), (2) 

where £ is the Lebesgue measure. 

The source term satisfies the following conditions: 

S'eL°°(QxM), S{t,x,-) eC\R), \S{t,x,u)~ S{t,x,v)\<C\u-v\, (3) 

where the last two conditions hold for a.e. {t, x) G Q and C > is a constant. 

As usual, wc only deal with entropy solutions, namely those that fulfill in the 
sense of distributions on Q the inequality 

dtviu) + diY^q{u) - r)'iu)S{t, x,u)<0 (4) 

for every convex function 77 and related entropy flux defined by 

We are interested in the well-posedness in L°° of the initial-boundary value problem 
for ([1]), in which case we impose the initial data 

u(0,-) = uo € (5) 
and the Dirichlet boundary data 

ii|r = W6 e L°"(r), (6) 

where F :— (0,T) x dft. Of course, this Dirichlet condition has to be interpreted in 
an appropriate sense (see below) and this in turn requires an entropy solution to 
possess boundary traces (which herein will be understood in a strong sense). 

A BV well-posedness theory for conservation laws with Dirichlet boundary con- 
ditions was first established by Bardos, le Roux, and Nedelec [T], and later extended 
by Otto [23] to the setting, for which boundary traces do not exist in general, 
a fact that complicates significantly the notion of solution and the proofs. For 
genuinely nonlinear fluxes and domains whose boundaries satisfy a mild regularity 
assumption, Vasseur [32j showed that entropy solutions always have traces at 
the boundaries. Similar results hold without imposing a genuine nonlinearity con- 
dition, cf. Panov [^nmS] and Kwon and Vasseur [TB]. Consequently, for genuinely 
nonlinear fluxes, the L°° case can be treated as in [T], i.e., the more complicated 
notion of entropy solution used by Otto can be avoided, see Kwon |15j . 

To define traces on the boundary F we use the concept of a "regular deformable 
boundary" (sec for instance Chen and Frid in [2]). For any domain with 
boundary, there exists at least one 9fJ-regular deformation. Given any open subset 
K of dU, we refer to a mapping : [0, 1] x A' ^ H as a A'-regular deformation 
provided it is a diffeomorphism and il'{0, ■) = Ij^- with denoting the identity 
map over K. Let us now define the set K := (0, T) x K and the function tp{t, x) := 
{t,ip{x)). Then, obviously, 'il'{t,x) is if-regular deformation with respect to F. Let 
us denote by fis the unit outward normal field of the deformed boundary ip{{s} x 
dfl). We also write = (0,^^) and n = (0,n). Notice that fis converges strongly 
to n when s goes to 0. 

Our first main result is the following theorem. 

Theorem 1.1. Let fl C be a regular open set with boundary. Assume that 
([5]) holds and that the flux function A G C^(M) verifies Consider any function 
u e L°°((0,r) X n) obeying ^ and dH) m (0,r) x Vt. Then 
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• there exists G L°°((0, T) x dVl) such that for every T -regular deformation -0 
and every compact set K CC T there holds 

esslim / \u{'iIj{s, z)) ~ u'^ {z)\da{z) ^ 0, 

where da denotes the volume element of (0, T) x dCl; 

• there exists u'^ G L°°(f2) such that for every compact set K CC O there holds 



esslim / \u{t , x) ~ u'^ {x)\ dx — Q . 



In particular, the trace is unique and, for any continuous function F, F{u) also 
possesses a trace and 

[Fiu)Y ^ Fiu^). 

The proof of this theorem is fomid in Section [5] More precisely, in that section 
we prove the first part of Theorem 11.11 The second part can be proved using the 
same method, so we omit the details. 

Having settled the existence of strong boundary traces, we can now turn to 
the choice of entropy boundary condition. Instead of working with the original 
condition due to Bardos, le Roux, and Nedelec [1], we shall instead employ the 
following equivalent boundary condition introduced by Dubois and LeFloch [TT], 
which is well-defined in L°° thanks to Theorem ll.il 

qiu-") - q{ub) - - A{ub))\ • n > 0, (7) 

where B'^ means the trace of £? on F = (0, T) x d^l and fi is the unit outward 
normal to dCl with n = (0, fi). 

Our second main result is the well-posedness of entropy solutions to the initial- 
boundary value problem ([5]), and ([5]), with the boundary condition © being 
interpreted in the sense of ([7]). 

Theorem 1.2. Let fl C be a regular open set with boundary. Assume that 
the source term S(t,x,u) obeys ^ and that the flux function A G C^(R) verifies 
Let uq G L°°{Q). Then there exists an unique entropy solution u G L°°{Q) 
verifying g]), and jT]). 

This theorem is proved in Section[3] As in [15j . the uniqueness argument utilizes 
the Dubois and LeFloch boundary condition ([7]) written in a kinetic form, which 
plays an essential role in the proof of uniqueness. 

In Section m we apply Theorems 11.11 and 1 1 . 21 to investigate the well-posedness of 
the initial-boundary value problem for the so-called Degasperis-Procesi equation 

dtu - dl^^u + ^ud^u = Zd^udl^u + ud^^^u, (t, x) G (0, T) x (0, 1), (8) 

augmented with the initial condition 

u{0,x) ^uo{x), a;G(0, 1), (9) 

and the boundary data 

u{t,0) ^ go{t), uit,l)^gi{t), iG(0,r), 
d,u{t,0) = hoit), dMt,l)^hi{t), te{0,T). ^^^^ 
We assume that 

uoei°°(0,l), uo(0)=5o(0), uo(l) = .gi(0), 

go, gi e H\0, T), ho, hi G L°°(0, T). ^^^^ 

Degasperis and Procesi [7] deduced ([S]) from the following family of third order 
dispersive nonlinear equations, indexed over six constants a, 7, cq, ci, C2, C3 G M: 

dfU + codxU + 79|j.^M — a^dfx^u = dx (ciu^ -I- C2{dxu)^ + c^ud^xu) ■ 
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Using the method of asymptotic integrabihty, they found that only three equations 
within this family were asymptotically integrable up to the third order: the KdV 
equation (a = C2 = C3 = 0), the Camassa-Holm equation (ci = ^f^i C2 = 
and one new equation (ci = C2 = C3), which properly scaled reads 

dtu + d^u + Qud^u + dl^^u - {dtxxU + ^d^ud^^u + ^udl^^v^ = 0. (12) 

By rescaling, shifting the dependent variable, and finally applying a Galilean boost, 
equation can be transformed into the form ([H]), see [3 [5] for details. 

Degasperis, Holm, and Hone [5] proved the integrabihty of (jS]) by constructing 
a Lax pair. Moreover, they provided a relation to a negative flow in the Kaup- 
Kupershmidt hierarchy by a reciprocal transformation and derived two infinite 
sequences of conserved quantities along with a bi-Hamiltonian structure. Further- 
more, they showed that the Degasperis-Procesi equation arc endowed with weak 
(continuous) solutions that arc superpositions of multipeakons and described the 
integrable finite-dimensional peakon dynamics. An explicit solution was also found 
in the perfectly anti-symmetric peakon-antipeakon collision case. Lundmark and 
Szmigielski [5D], using an inverse scattering approach, computed n-peakon solutions 
to ^ . Mustafa [52] proved that smooth solutions to ^ have infinite speed of prop- 
agation: they lose instantly the property of having compact support. Regarding 
the Cauchy problem for the Degasperis-Procesi equation Escher, Liu, and Yin 
have studied its well-posedness within certain functional classes in a series of papers 

The approach taken in the papers just listed emphasizes the similarities between 
the Degasperis-Procesi equation and the Camassa-Holm equation, and consequently 
the main focus has been on (weak) continuous solutions. In a rather different direc- 
tion, Coclite and Karlsen [31 [5l [6] and Lundmark [19] initiated a study of discontin- 
uous (shock wave) solutions to the Degasperis-Procesi equation ([5|). In particular, 
the existence, uniqueness, and stability of entropy solutions of the Cauchy problem 
for dHI is proved in |11[51[H]. 

When it comes to initial-boundary value problems for the Degasperis-Procesi 
equation much less is known. The first results in that direction are those of Escher 
and Yin [HI [37], which apply to continuous solutions. 

To encompass discontinuous solutions wc shall herein extend the approach of 
|11[51[S], relying on Theorems 11.11 and 11.21 above. Following |1] we rewrite (O, (©, 
pop as a hyperbolic-elliptic system with boundary conditions: 

dtu + ud^u + d^P = 0, (i, x) e (0, T) x (0, 1), 

-dl,P + P^lu^, (t,x)e (0,r)x (0,1), 

u{0,x) = uoix), xe(0,l), (13) 

u{t,0)=go{t), u{t,l)=gi{t), t £ {0,T), 



d,p{t,o) = Mt), d,p{t,i) = Mt), te(o,r). 



where 



i/'o = -g'o - goho, Vi = -9i - 9ihi- (14) 
Indeed, formally, from ((SJ, 

{l-dl;){dtu + ud.^u + d^P)^{), (15) 

since, by (|14p. the trace of dtu + udxU + dxP vanishes at x = and x ~ 1, we can 
invert the differential operator 1 — and pass from ([THj) to p^ . 

In the case go = <?i = we do not need any boundary condition on dxU, indeed 
from we have V'o = V'l = 0. 



IBVP FOR CONSERVATION LAWS WITH SOURCE TERMS AND THE D-P EQUATION 5 



The boundary conditions related to the P-equation in (jl3p are of Neumann type. 
Let G = G{x, y) be the Green's function of the operator 1 — d"^^ with Neumann 
boundary t/iq, ipi conditions on (0, 1). The function P has a convolution structure 

P{t,x)=P^{t,x):=l I G{x,yy{t,y)dy, (16) 



2 _ 

and (jl3p can be written as a conservation law with a nonlocal source 
dtu + = -9,P" f d-G{x, y^it, y) dy. 



Due to the regularizing effect of the elliptic equation in p3p we have that 

ue i°°((0,T) X (0,1)) =^ e L'^{Q,T;W'^''^{0,1)). (17) 
Therefore, if a map u G L°°((0,T) x (0, 1)) satisfies, for every convex map 77 G C^, 

dtviu) + d,q{u) + r,'{u)d,P^ < 0, q{u) = / ^7/(0 d^, (18) 



in the sense of distributions, then Theorem 11.11 provides the existence of strong 
traces Uq, u\ on the boundaries a; = 0, 1, respectively. 

We say that u £ L°°{{0, T) x (0, 1)) is an entropy solution of the initial-boundary 
value problem ([5)1. pU]) if 

(i) u is a distributional solution of (fT^]) : 

(ii) for every convex function r] G (R) the entropy inequality (|18p holds in the 
sense of distributions; 

(iii) for every convex function rj £ with corresponding q defined by q'{u) = 
ur]'(u), the boundary entropy condition 

,K(t))-,(,o(t))-7/(,o(0) ^""^^^^^,^^°^^^^^ 

(19) 

< < q{ul{t)) - q{g,{t)) - ^'(g, (i)) Mi^lll-i^ 

holds for a.c. t G (0,r). 

Our main result for the initial-boundary value problem for the Degasperis-Procesi 
equation is the following theorem, which is proved in Section [H 

Theorem 1.3. Let uq, 7, go, gi, h^, hi satisfy (jlip . The initial-boundary value 
problem ([5]), (fTH)) possesses an unique entropy solution u G P°°((0, T) x (0, 1)). 



2. Proof of Theorem 11.11 

2.1. Weak boundary trace. We first reformulate the relevant problems on local 
open subsets and construct weak boundary traces of entropy solutions on these 
local sets. The reason for working on local subsets is that we are going to use 
the blow-up method. We split the boundary into a countable number of subsets. 
Indeed, for each x G dV,, there exists > 0, a mapping 7^ : R''"^ — > K''"^, 
and an isometry for the Euclidean norm 7^£ : M'' ^ R'^ such that, upon rotating, 
relabeling, and translating the coordinate axes if necesary, 

7^i(x) = 0, 

TZiiil) n i-ri,rif = {y = {yo,y) e i~ri,rif \ yo > 7i(y)}- 

We have 

drtc [j 7^^l((~ri,r^)''). 



6 G. M. COCLITE, K. H. KARLSEN, AND Y.-S. KWON 

Hence, for each z = (t, x) G T, we obtain an isometry map A| : M'*+^ M'*+^ given 
by A|(t, x) = {yo,t- i, y), where (j/o, v) = Tixix). Then we have 

Since the above collection of open sets is countable. 

|J(A,)-i(r,)= y (A„)-i(r„), 

where if is a countable set and 

r„ = K\{w = K» e (O, T) x (-r„, r„)'' | «;o = A„(u;)}), 

where w = (wo, w) = (yoi t ~ t,y) and w ~ [t — t,y). In an attempt to simplify the 
notation we write a instead of in the indices. We define 

Qa = {u- e (0,r„) X (-ra,ra)'' | wo > A„(u>)}. 

From now on we will work in Qa and state the equations in terms of the new w 
variable. To this end, define Ua ■ Qa — > M by Ua{w) = u{{Aa)^^{w)) and set 
^q(0 = Aq(^,^(^)), QaiS.) = Aq(77(^), For every fixed a, every deformation 

tp, and every w £ {—ra,ra)'^, we define 

i/j(s, w) = (Aa o '(/')(s, (7^a)"^(^^>)), s = Wo- 

In terms of the w variable, ([T|) and ^ read respectively 

divwAa{ua) = in (20) 

and 

div^ga(ua)<0 in Qa. (21) 

We now introduce a kinetic formulation of (PD|) and (PT|) . cf. [T7|. To do so we 

set L ~ llull^ocj-Q-j , bring in a new variable ^ € {—L,L), and introduce for every 
V G (— ij) the function 

[-l{tKC<0}, if u < 0. 

To eflEectively represent weak limits of nonlinear functions of weakly converging 
sequences, we introduce new functions, called microscopic functions, which depend 
on ^ and on an additional variable z |28| . 

Definition 2.1. Let N be an integer and O be an open set o/R^. We say that 
f S L°°{0 X [—L,L)) is a microscopic function if it obeys < sgn(^)/(z,^) < 1 
for almost every (z,^. We say that f is a x-f'>^^ction if there exists a function 
u e L°°(0) such that for a.e. z £ O there holds f(z, •) = x(u(z), •). 

For later use, let us collect the following results (cf. [IH])- 

Lemma 2.1. Fix an open set O C , and let fk £ L^{0 x {-L,L)) be a 
sequence of x-functions L'^^^j,_^- converging to f £ L°°{0 x {—L,L)). Introduce the 
functions Ufc(-) = J^i^ fki-,S,) dS. and u{-) = /_^^ /(•, C) ^C- Then, for almost every 
z £ O, the function f(z, •) lies in BV{^L,L). Moreover, the following statements 
are equivalent: 

• fk converges strongly to f in Ll^^{0 x (—L,L)). 

• Ufc converges strongly to u in L\^^{0). 

• f is a x-function. 

Observe that if / is a x-function then u{z) ~ J^i^ f{z, S.) d£^. The following 
theorem is due to Lions, Perthame, and Tadmor [17j . 
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Theorem 2.1. A function u € L°°{Qa), with \u\ < L, is a solution of and 
()2ip if and only if there exists a nonnegative measure m € M^{Qa x i^L, L)) such 
that the related x-function f defined by f{u{w),^) ~ x(it(w),^) for almost every 
(w,^) € {Qa X i^L^L)) verifies 

a{0■'^^of-S{■,Oi^if-HO)=^im tnV'{Q^x{-L,L)), (22) 

where a{0 A'^iO- 

Denote a by a = (ag , a) . To simplify the notation we keep denoting the normal 
vectors by and n. 

In what follows, for every fixed a, we will consider the set Qa, and the function 
/ associated to Wq. For every regular deformation ip and every w e {~'ra,ra)'^ we 
set: 

ijj{s,w) = ijj{s,A~'^{'yaiw),w)), 

U{S,W,0 = /(■0(S,W),O- 

We will first show that /y, has a weak trace at s = 0, which does not depend on 
the deformation ip, i.e., the way chosen to reach the boundary. 

Lemma 2.2. Let f be a solution of (|22p in Qa x {—L,L). Then there exists 
f^ e i°°((-ra,r„)'' X {-L,L)) such that 

esslim/^(s,-,-) = in H~^{{-ra,raY x (-i,L)), 

/or al/ T a-regular deformation -0. Moreover, is uniquely defined. 

Proof. Since ||/v>(s, ■, ■)IU°= — by weak compactness and the Sobolev imbedding 
theorem, for every sequence q ^Jj^^j-q exists a subsequence fcp p ^ ^^^^ 

function e L°°{(—ra,ra)'^ x {—L,L)) such that 

in n (23) 

for every regular deformation ip. Let us show that 5 J, is independent of the de- 
formation ip and the sequence s'' and its subsequence s'^p. To do so, let us first 
consider the entropy flux 

%{w)= l\0v'{0f{w,0d^, (24) 

associated with the entropy 77. Multiplying by 77' (^) and integrating it with 
respect to ^ we find 

div.g^ = - fwiO^i - v'{Om2]{w,dO e M((-r„,r„)"+i), 

where 

mi^Sf + m, 7712 = -d^Sf + 6{0S. (25) 
We can now use the following theorem (cf. Chen and Frid in 0): 

Theorem 2.2. Let ft be an open set with regular boundary dfl and F £ [L°° (Q)]'^'^^ 
be such that divyF is a bounded measure. Then there exists F ■ n £ L°°(dfl) such 
that for every dfl-regular deformation ip 

esslimi^(V'(s, •)) • ns{-) ^F-n m L^,,,_,{dn), 

s— >0 

where is a unit outward normal field of tp{{s} x dQ). 
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This theorem ensures the existence of a function qj^ ■ n E L°°{{—ra, Ta)'^), which 
does not depend on -0, such that 

q^i^P{s,-))-nsi-)'^%-n inV {{-r^.r^f), (26) 

for every regular deformation tp. The function rig converges strongly to n, i.e., the 
unit outward normal to Qa- The convergence takes place in Tq,, Tq.)''). So, 

using (HH) and ([M]), we obtain 

'fiiwWiOaiO ■ niw)g^{w,^)d£,d'w = J q"^ ■ n{w)ip{w) dw , 

for every test functions <p G !?((— Tq, raY). The right-hand side of this equation is 
independent of ijj, the sequence and its subsequence s'^p, so does not depend 
on those quantities either thanks to The result is obtained from the uniqueness 
of the limit. □ 

2.2. Strong boundary trace. Let us now show that entropy solutions possess 
a strong boundary trace. To do so we will employ the blow-up method [32| and 
apply the averaging lemma to conclude that /"^(li, •) is a function for almost every 
(w,^) € {—ra,ra)'^ X {—L,L). To this end, we shall rely on the following lemma, 
which is a straightforward consequence of Lemma 12.11 

Lemma 2.3. The function is a x-function if and only if 

esslim/^(s, •, •) = f in L^{{-ra,raY'^), 

for any deformation ijj. 

Let fix a specific deformation on Qa, namely 

V'o(s» = (s + 7a(w),w)- (27) 

We use the notation 

f{s,w,0 = /^(s^.O = /(V'o(s,t«),C), 
when we work with the deformation ([?7|) . Indeed, it is enough to show strong trace 
of for the specific deformation thanks to Lemma Notice that V'o(sj w) G Qa 
if and only if w e (— r^, raY and < s < r^. From ([22]) we find that / is a solution 
of 

d°iw,0dsf + md^f = 9irhi+m2, (28) 
where mi(s,w,<^) = mi{ipois,w),£,) with defined in ([25|) . i = 1,2 and aP{'w,£,) = 
X{w)a{^) ■ n{w). 

Before introducing the notion of rcscaled solution, let us state two lemmas 
(cf. Vasseur 

Lemma 2.4. There exists a sequence dk which converges to and a set £ C 

(— ''q, '''aY with C{{^ra, raY \ ^) — such that for every w E £ and every R > 



lim -L„iY(o,i?4) X {w+i~R5k,RSk)'') x {-L,L)) = 0, 



1,2. 



Lemma 2.5. There exists a subsequence, still denoted by Sk, and a subset £' of 
{—ra,raY with £' C £, C{{~ra,raY \ = 0, such that for every w G £' and 
every R > there holds 

lim r / \f^w,0-r{w + hy,0\dyd^^Q, 



L 



hm / / \~a'{w,O-d''iw + Sky,O\dyd^ = 0. 
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Let US now introduce the localization method [32] • We use the notation 

Qi = {0,r^/6) X {^r^/S,rJd)''. 

The goal is to show that for every w € £' , f^iw, •) is a ^-function. From now on 
we fix such a, w € £' . Then we rescale the / function by introducing a new function 
fs, which depends on new variables {s,y) € Q^, defined by 

fs{s, y, fi^s, w + 6y, 

This function depends obviously on w but since it is fixed throughout this section, 
we skip it in the notation. The function fs is still a x-function and wc notice that 

fsiO.y.O^ riw + Sy,0- 

Hence we gain knowledge about f^iw, •) by studying the limit of fs when 6^0. 
We define 

ag(y,e)=a°(u' + (5y,e). 

In view of 

a°(y, Odjs + HOdyfs = d^rh] + rhj, (29) 

where rhg is the nonnegative measure defined for every real numbers R{ < Ri^, 
Li < L2 by 

m*,( n [i?i,i?^2] X [^1,^2]) - ^rhJ n [y, + 5R^,y, + 5R^] x [Li,L2]), 

M)<j<d / 0'^ ^0<j<d / 

for i^l,2. 

We now pass to the limit when S goes to in the rescaled equation. To this 
end, we shall need to prove strong convergence via an application of an averaging 
lemma taken from Pcrthame and Souganidis [29| . 

Theorem 2.3. Let N be an integer, fn bounded in L°° {M.'^^^) and {hl^,h^^} be 

relatively compact in with 1 < p < +00 solutions of the transport 

equation: 

where a G [C^(M)]^ verifies the non- degeneracy condition ([2]). Let cj) € I'(M), then 
the average wf(ii') = jTg^<l>{£,)fk{w,£,)d^ is relatively compact in LP{M.^). 

Lemma 2.6. There exist a sequence Sk ^ and a x-fwnction foo & L°°{M'^ x M x 
{~L,L)) such that fg^ converges strongly to foo 'In Ll^^(M.'^ x R x (—L,L)) and 

~a°{w, 09joo + m ■ %/oo = 0. (30) 

Proof. We consider the sequence (5„ of Lemma 12.51 By weak compactness, there 
exists a function foo S L°°(R^ x R"^ x {—L,L)) such that, up to extraction of a 
subsequence, fs„ converges to foo in -^^ak-*- Thanks to Lemma rhg converges 
to in the sense of measures. So passing to the limit in gives ([50]). 

First, we localize in (w,^). For any R > big enough, we consider $i,<i>2 
with values in [0,1] such that $1 e V{R+ x R''), $2 e V{R), and Supp($i) C 
(l/(2i?),2i?) X {-2R,2RY, Supp($2) C (-2L,2L). Moreover, $i(w) = 1 for 
w e {l/R,R) X {-R,RY and $2(0 = 1 for ^ G {-L,L). Hence for 5 < r„/(2i?), 
we can define on R X R'' X R the function 

= Cl>i<i>2/,, 
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(where = if fs is not defined). On {1/R,R) x {—R,R) x {—L,L) we have 



J 5 

fs' = fs- So, if wc denote by aw{C) = (a°(w, ^), a(^)) (which depends only on ^ 
since w is fixed), from ([29|) we get 



a^{0 ■ V^/i^ = 9^($i$2m^) - $i$Wl + a^iO ■ VjB$i$2/f + $i$2m' 

+ a.[(5°(z&,o-«§(y,0)/i'] 

where fj-u^ and /i2.5j. are measures uniformly bounded with respect to k. In view of 
Lemma [TBI we can see that a^{w, £,) — d°{y, £,) converges to in Ll^^{R'^ x {—L, L)). 
So it converges to in Lf^^ for every 1 < p < oo since these functions are bounded in 
Since the measures are compactly imbedded in W^^'^ for 1 < p < we can 
apply Theorem with TV = d + 1, A = /^^ , 0(0 = $2(6, and a{0 = a^iO- It 
follows that / ff^2(,0 is compact in for 1 < p < ^ij. And so by uniqueness 
ofthehmit, / /5„(-, ^ converges strongly to / /oo(-, i'^ -^ioc(^^)- Lemma l^TT] 
ensures us that fs^ converges strongly to /oo in ^^^^.(R'^"'"^ x (— L, L)) and moreover 
that /oo is a x-fnnction. □ 

We now turn to the characterization of the limit function /oo • 

Lemma 2.7 ([32])- For every w G £' , foo{w_, ~ f^{w, S,) for almost every (w, ^) G 
]gd+i ^ (^—L,L), and the function f'^{w,-) is a x-function. 

Thus, from Propositions 12.31 and 12.71 we can prove Thcorcm ll.il 

Proof of Theorem \l.l\ For every a and every deformation -0, we have 

ess_lim J J \f^{s,w,S,) - f'^{w,S,)\d^dw = 0. 

We define u"^ by 

u^(i) = y f^{w,Od£., if (7„(ii)),w) = A„(z). 

For every compact subset K of (0, T) x dil, there exists a finite set Iq such that 
K C Uae/o and 

/ |u(^(s,z))-u^(£)Ma(z)< V / \uiib{s,z))~u^iz)\daiz), 
which converges to as s tends to 0. This concludes the proof of Thcorcm ll.il □ 



3. Proof of Theorem 11.21 

3.1. Existence proof. In this section we will show the existence of an entropy 
solution for the initial-boundary value problem ([T]) , , and ^ , with the boundary 
condition ([6]) interpreted in the sense of ([7]). 

Let {S'^}e>o be a a sequence of smooth functions converging in Lj^^ to S with 
respect to variables {t,x), for example obtained by mollifying the function S, and 
consider smooth solutions to the uniformly parabolic equation 

dtu'' + div^,^(u^) = S%t, X, u^) + eA^u", (31) 

with initial and boundary data 

u%0,-) = uo u'\r = Ub. (32) 
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For the sake of simplicity in this proof, we wiU assume that the data uq,ui, are 
smooth fmictions. Then, for each e > 0, the existence of a unique smooth solution 
of the initial-boundary ([3T|) . ([32]) value problem is a standard result. 
By the maximum principle, 

\u%t,x)\<\\uoh^ + \\S\\^^T. (33) 

For any convex entropy function 77 and corresponding entropy flux function q 
with q' = rj'A', multiplying (PT|) rj' [u^) yields 

dtii{u') + Aw^q{u') - r^'{u')S'{t,x, u') = sA^^iu') - sr]"iu')\V^u'\^. (34) 

For any function if E C^{Q), it follows from ([51]) that 

?7(u^)(?t(/3 + q{u^) ■ Vx^dtdx 

/ e-q' {u^)V ■ V dtdx + / -q" {u^)£\V ^u^"^ ip dtdx (35) 
Jq Jq 

S^(t, X, u^)u^ ip dtdx. 



Let K be an arbitrary compact subset of Q and choose in ([55]) a function f G [Q) 
satisfying 

</3|k = 1, <(/?<!. 

It follows that 



\S'{t, X, u^Xip] dtdx < C{T, ||uoI1l~) \\S\\l^ , 
thanks to ((55)) . Consequently, 

e\'^xu''\^ dtdx <C (36) 

and hence we obtain that dt'q{u'^) + d\Vxq{u'^) is compact in H^l{Q). We can now 
apply, for example, Tartar's compensated compactness method [31] to conclude the 
existence of subsequence, still labeled , converging to a limit u a.e. and in Lj^^ 
such that the interior entropy inequality holds: 

T]{u)dt(l3 + qiu) ■ V xct) + ri{u)S{t,x,u)(l)dtdx > 0, V(/) e C'^{Q),(t)> 0. 

It remains to prove that the limit u satisfies the Dubois and Le Floch's boundary 
condition ([T]). 

Lemma 3.1. Let u be the limit function constructed above. Then, for any convex 
entropy- entropy flux pair (jj, q), 

q{u^) - q{ub) - r;'(ufc)(A(u^) - A{ub))\ • n > 

where B'^ is the trace of B on (0, T) x 917 and n is the unit outward normal to dCl. 

Proof. We need a family of boundary layer functions {(s} G C°°{il; [0, 1]) verifying 

Cain. =0, aiao = l, and |VC| < ^, 

where Vlg = {x € ri|diam(x, dQ) > S} and c is a constant independent of S. 

Multiplying ^ by oltXsix) with 6 e C^(0,T), 6* > 0, we obtain Ei = E2, 
where the terms Ei, E2 are defined and analyzed below. 
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Integration by parts yields 
El 



£^0 



+ T]'{u'')S^t,x,u'')0{t)Cs{x)dtdx + / q{ub) ■ n9{t)dtdx 

J(o,T)xan 

j]iu)0'{t)(:six) + q{u) ■ V^Cs{x)e{t) + J]'iu)S{t, X, u))0{t)Csix) dtdx 
q{u(,) ■ n9{t) dtda. 

(0,T)xdn 



Observe that 



and 



q{u) ■ '^^Cs{x)e{t) dtdx [ [ q{u'') ■ he{t) dtda 

Jo Jdn 



i]'{u)S{t, X, u)e{t)Cs{x) dtdx 0, / ri{u)e'{t)Cs{x) dtdx 0. 



As a result, 



Next, 



lim lim Ei = / {q{ub) - qiu")) ■ h)e{t) dtda. 

{0,T)xdn 



E2-=e / j/{u^)Aa:U^e{t)(s{x)dtdx 

Jq 

j (AiY^{i{u')V^u')~7^"{u')\V,u^\''')e{t)Q{x)dtdx 

<e 7j'{ub)Vxu'' ■he{t)dtda ~ e -q' {u^)V .^u^ ■ V ^Cs{x)e{t) dtdx 

j(o,t)xdn Jq 

= : E2.1 — E2.2- 
Clearly, thanks to lim I-B2 2I = 0. 

£—♦0 

To analyze £'2,1, we repeat the above argument with 77 = Id to obtain the 
equation 



lim lim 

5^0 e^O 



: / V:eM^ ■h0{t)dtda 

J{0,T)xdn 



iA{u^) - A{ub)) ■ h 0{t) dtda, 

{0,T)xdn 



and consequently 



lim lim E2. 

£^05^0 ■'(o,T)xan 



1 



/ T]'{ub){A{u'') - A{ub)) -heit) dtda; 

J(O.T)xdn 



hence the limit u obeys the inequality 

[ [ \q{u'')~q{ub)-v'{ub)iA{u^)-A{ub))\-ne{t)dadt>0. 
Jo Jdn 

By the arbitrariness of 9, the proof is complete. □ 
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3.2. Uniqueness proof. In this section we prove the uniqueness part of Theorem 
II. 2[ adapting the approach of Pcrthame [UHH]- In what follows, we let u, v denote 
two entropy solutions of the conservation law ([1]) with initial data uo,vq g 
respectively, and boundary data Ub, with the boundary condition ([6]) interpreted in 
the sense of ([T]) . We start by rewriting the Dubois and LeFloch boundary condition 
([71) in a kinetic form due to Kwon [T5] . 

Lemma 3.2. The following two statements are equivalent: 

1. For every convex entropy- entropy flux pair (77, q), 

q{u^) ~ q{ub) ~ ri'{ub){A{u^) - A{ub)) • ri > onT. 

2. There exists fi £ M^{T x {-L,L)) such that 

A'iS.) ■ n{z) [r(2, - x(?; ubiz))] - {A{un - A{ub)) ■ h = -d^ii[z, C), 

/or every (z,^) G F x (— L,L). 

Associated with the entropy solutions u and v we introduce the corresponding 
X-functions / and g defined by /(t, x, ^) = x{i\ u{t, x)) and g{t, x, ^) = u{t, x)), 
respectively. In view of Theorem 12. !( there exist ^rn^ G M'^{Q x (—L,L)) such 
that 



dtf + A'iO ■ V,/ - Sit, X, Oid^f - SiO) = d^m\ 
dtg + A'iO ■ V.g - S{t, x, Oid^g ~ S(0) - d^m\ 
The goal is to show the following inequality for a.e. t £ (0, T): 



(37) 



dt 



\f{t,x,0-9it,x,0\^d^dx 

A'iO ■ n{x)\r{t, X, - g^t, X, d^da (38) 

<C / \S{t,x,u{t,x)) ~ S{t,x,v{t,x))\dx, 
Jn 

where da denotes the volume element of dft and some constants C > 0. 

To this end, we need to regularize / and g with respect to the t, x variables. Set 
e = (ei, £2) and define 0e by 

(j)e{t,x) —(f)i (—] ^4)2 ( — 

where 0i e C^iR), 02 € C^iR'^) verify 0^ > 0, / 0j = 1 for j = 1,2, and 
supp((/)i) C (0, 1). We shall employ the following notations: 

fe{t,x,£,) = /(•, -,0 * ge{t,x,£,) = g{-, -,0 * ^ (l>e{t,x), 

{t,X) {t,x) 

■m'l{t,x,£,) = ?7i^(-, -,0 * 0£(i,a;), ml{t,x,C) = m^i-, ■,£,) J)^{t,x), 

{t,x) (t.x) 

where * means convolution with respect to the indicated variables and the mappings 
/, g, mi,m2 are extended to 1^**+^ by letting them take the value zero on \ Q. 
The proof of the following lemma can be found in Pcrthame |271 [5S] . 

Lemma 3.3. Let and be non-negative measures given in the Theorem \2.1[ 
Then, the following holds 

lim / ml{-,-,^)S(^^u)*(l)e+ml{-,-,^)S(^=,,)*(j>^d£,:^0 inV'{Q). 
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Let US continue with the proof of ((58)) . Fix a QH-regular deformation ip, and let 
fls denote the open subset of whose boundary is dflg = dft). Taking the 

convolution of each of the two kinetic equations in (j37p and then subtracting the 
resulting equations we obtain an equation that is multiplied by /c — ge- The final 
outcome reads 

/ ["^ dtlfe {t, x,0-9. (i, x,0\^ + A'iO • V. l/e (i, X, -gAt,x,0\' d^da, 
f [S{t,x,0{ddf~9))] * Mt,x){Mt,x,0 - 9.{t,^,0)d^das 

J-L i*'^) 



L 

d^{ml{t, X, ^) - ml{t, X, 0)ife{t, x, - ge{t, x, £,)) d^das, 



for a.e. s > 0, where dag denotes the volume element of dfls- 
In view of Lemma 13.31 observe that for a.e. s > we have 



(39) 



hm / d^{ml{-,-,0^^T:i{-r,0){fe{-,-,0~9.i;;0)d^da. 

= -lim / / iml{;;0-m^A-r,0)ddU;;0-9e{-r,0)didas 
'^^'^Jn^ J-L 

J-L (t,x) {t,x) 

Next, observe that 

limsupl / / [S{t,x,OidA.f - 9))] * ,Mt,x){Mt,x,0 - 9eit,x,0)d^dx\ 

<2 \S{t,x,u)- S{t,x,v)\dx <2C \u-v\dx, for a.e. s > 0, 

where we have used condition Q to derive the last inequality. Indeed, using |/| < 1 
and \g\ < 1, we obtain |/e — ffe] < 2 and we can easily check that for a.e. (t,x) € 

{o,T)xn, 

[Sit, X, (a? (/ -9))],*, (i, x)d^ 5^ S[t, X, v) - S{t, X, u), 

thanks to i9^(/ — g) — <5(C = v) — ~ u). 

Let us now apply the divergence theorem in p9|) and subsequently take the limits 
e ^ and s ^ 0. Applying Theorem 11.11 and the observations above, we obtain 
the following inequality for a.e. t G (0,T): 

L 

dt\f{t,x,0-g{t,x,0?didx 

L 

^ • h{x) X, - g^t, X, OP d^daix) (40) 

dn J-L 

< 2 / \S{t,x,u) - S{t,x,v)\ dx. 
Jn 

Next, we show that the "boundary" part of (|40p is non-negative. According to 
Lemma[3?2J there exist two measures M/iMs '= A^^(r x (— L,L)) corresponding to 
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/ and respectively, verifying 

A'iO ■ n{z) [r(z, - x(?; ufc(i))] - - A{u,{z))) ■ h 

(41 ) 

A'iO ■ n{z) a - X(^; Ubiz))] ~ %..,(,))(AK(z)) - A{u,{z))) -n 

for e r X (-L,L). 
For later use, observe that 

A'-n\r~g^\^ 

+ ^' • " {g'' - x(C; wb)) sgn(C - ub) 

+ A' -fi (g- - x(C; i^b))[sgn(e ^ ut) - + xCC; 
^■.A'-h ir - X(e; +A'-hig^- xi^; 

(42) 

where sgn(-) denotes the usual sign function with sgn(O) = 0. Combining (pi and 
(HH, along with integration by parts, gives 

A'{0-m\r{^,0-9^^,0\'d^da 



(43) 



A'(0 • n(i) [r(i, ' X{i\ u^iz))\a{i) dida 

anJ~L 

^ A'(e) • n(z) [g^z, ^ - x{^; ut{z))m) d^da 
dnJ-L 

) [-^^^lf{z,Oa{0 - d^fig{z,OP{0] d^da 
Hf{z,^)i^gd^da- Hf{u~)a{u-) 

anJ-L 

L 

dida + iif{u+)a{u+) 

an J Ub 

+ / f^g{z,0 d^da - i^ig{u'^)(3{u'^) 
J an J Ub 

where z^/, Vg are non-negative measures defined by the relations d^f^ = S{Cl — Vf and 
d^g^ = — Vg, respectively. Notice that a(w^) > 0, I3{u^) > 0, and a{iL^) < 0, 
Pi'U'b) ^ 0. Thus, (031) is non-negative. 

Let us now conclude the proof of Theorem II. 21 Since the second and third terms 
in (j40p are non-negative, Gronwall's inequality imply that for each fixed s € (0,t) 

L I- i-L 

2 



\f{t,x,^)~ g{t,x,i)\' d£,dx < gM'^CT) / / \f{s,x,0-g{s,x,^)\'didx, 
inJ-L JqJ-l 

where C is given in 

Therefore, in view of Theorem II. 1) we can let s — > to obtain 

/ \u{t,x)~v{t,x)\dx <cxp{2CT) / \uoix) - vo{x)\ dx, for a.e. i e (0, T). 
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This concludes the proof of Theorem 11.21 

4. IBVP FOR THE DeGASPERIS-PROCESI EQUATION 

The purpose of this section is to prove Theorem ll.3l The main step of the proof 
relates to the existence of an entropy solution. Our existence argument is based 
passing to the limit in a vanishing viscosity approximation of p3|) . 

Fix a small number e > 0, and let = Ue{t,x) be the unique classical solution 
of the following mixed problem 0: 

dtUe + u^dxu^ + dxPe = sdl^-Ue, {t, x) e (0, T) X (0, 1), 

-d^,,P, + Pe = lul {t,x) e (0, T) X (0, 1), 

Ue{0,x)=u,^o{x), xe{0,l), (44) 

u,{t,0)=g,,o{t), u,{t,l)=geAt), ie(0,T), 

^a,Pe(i,0) = 7/.e,o(t), a,Pe(i,l) =^s,lW, i€(0,T), 

where u^.o, ge,o^ ge,i s^ve C°° approximations of uq, go, gi, respectively, such that 
5£,o(0) = U£,o(0), ge.i{0) = Ue,o{l), 

and 

V'e.O = ~-g'e,0 - ge,ohe,0, tpe,l = "Se,! " 5£,1^£,1- (45) 

Due to (jl5|l and the first equation in we have that 

dl,Ue{t,Q) = dl,u,{t,l)^0, te(0,T). (46) 

For our own convenience let us convert (j44p into a problem with homogeneous 
boundary conditions. To this end, we introduce the following notations: 

UJe{t,x) = xge,l{t) + (1 - x)g^^o{t), V^=Ue~ We, 

x^ 2x - x^ (47) 

n,{t,x) = y^e,l(i) + ^ Ve,o(0, V, ^ P, - fl,. 

Thanks to 

u;,{t,0) = g,,o{t), w,(t,l) =,9,,i(i), t e iO,T), 

a,r!,(i,o) = Vs,o(i), dMtA) = i^e,iit), te(o,T), 

we have that 

v,{t,0)=v,{t,l)=d,V,{t,0) = d,V,{t,l)^0, te(0,r). (48) 

Moreover, due to the definition of oj^ and 

dl,io,it,x) = dl,Mt,x) = dl.vS. 1) = dl,vS,Q) = 0, (49) 

for each t € (0, T) and a; G (0, 1). 

Finally, in view of (|44p and P5)) . we obtain 

dtv^ + dtuje + UgdxU^ + dxPe = edl^Vs, (50) 

-dl,v, + v,^^ul + dl,n,-n,. (51) 

We are now ready to state and prove our key estimate. 
Lemma 4.1. For each t e (0,r), 



(52) 



|i«,(t,.)|li.(o,i)+2ee2"=(*) / e-2"^(^)|ia.«e(s,.)|li.(o,i)ds 

^ 
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where 



aS) ^Co\t + (|5e,o(s)| + \9e,iis)\) dsj , (53) 

m-Co(^WoAt)\' + \9Ut)\' (54) 
+ |/io,e(i).9o,s(i)l' + |/»i,sW5i,s(i)l' 

+ |go,eWl' + l5l,eWl'^, 

and Co > is a positive constant independent on e. 
In particular, the families 

are bounded in L°°{0,T; L'^{0, 1)) and L'^{{Q,T) x (0, 1)), respectively. 

Proof. Following [3| wc introduce the quantity 9^ = 9^{t,x) solving the following 
elliptic problem: 

{-dlJ, + W, = v,{t,x), a;e(0,l), 
1 6le(t,0) =6le(t,l) ==0, te(o,r). 



(55) 



Our motivation for bringing in (j55p comes from the fact that, in the case of homo- 
geneous boundary conditions, the quantity 



v,{e^~dl^e,)dx 

is conserved by ([S]) when e = (see [7]). Thanks to ([55)) we have 

\\0e{t,-)\\H2^o,l) < \\Ve{t,-)\\LHO,l)<^Pe{t,-)\\HHOS)^ 
\\dxOe{t,-)\\HHO,l) ^ ll^:rWe(t, ^^^(O,!) < 4 || 9^61^ (t, •) II 2 (o^) 

Indeed, squaring both sides of (j55|) 

«2 = {dlj.f - 89 + 160f 
and integrating over (0, 1) 



(56) 



v'^dx -■ 

"'0 



{dl,9,)^ + 8{dJef + K^of^ dx + 8 [9A0,]l 
1 ^ 



{dij,Y + 8{d,9,Y + mt 



dx. 



Since 



{dl,9,f + [d^9,f + el 







dx < 



lo 
< 16 



'\dl,9,f + {d,9,f+^ 



dx 
dx, 



we have the first line of ([55]) . For the second line in ([SB]) . since 

5L0,(t,O) = aLeai,l) = O (cf. 65])), 
we can argue in the same way. 
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We multiply ((501) by 6^~&l.,^9^ and then integrate the result over (0, 1), obtaining 

/ dMO, - dlj,) dx+ f dtCO,{0e ~ d^Je) dx 

Jo Jo 

" V ' " V ' 

Ai A2 

+ [ uAu,{e,-dlje)dx+ [ d^p,{e,-dlje)dx 

Jo Jo 



(57) 



= e [ dl,v,(Be-dl^Qe)dx. 
Jo 



As 



Thanks to (jig)) and ([SS]) . 



= dt{^Q, - dlj.m - dlje) dx 
Jo 

= f {Adt0,e, - Adt0,dlj, - dlj.e, + dlj.dlj,) dx 

Jo 



(58) 



where 



II-^IIh2(o,i) " \/4 II/IIl2(o,i) + 5 II/'IIl2(o,i) + II/"IIl2(o,i)- 

The Holder inequality, (fTTjl . and (|47p guarantee that 

A2 < fidtUJef dx+\f 0l dx+ \ j {dl,0,f dx 
<2(|g^,,(OP + |5L(i)P) + ^ll^s(i,-)ll|.(o,i)- 

In hght of dUl), dMl), and dHl), 

^4 = / [d.V.e, - d^V.dlj, + dMe - dAdl,0e) dx 
Jo 

= f {d,V,9, + dl^VA0, + dAOe ~ dAdlJe) dx - [d,VAOe]l 
Jo 

= f (5.(K - dl,V,)0, + 8^0, ~ 8^81,0,) dx + [9LK0e] I 
Jo 

= / (iUe8xUe0e " 8x^e8l^0e) dx. 

Jo 



(59) 
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Therefore 



/" 

Jo 



»1 



Jo 



"1 /„,2 





\4 


1 






-i^F 




3 


2 



< 



1 

+ - {dxVLeYdx + 
2 Jo 



2 Jq 



6 



< Cl(|50,eW| + + l) \\0S, •)ll|2(o,i) 

+ Ci(|^o.s(t)P + \^lAt)? + |50,eWl' + \9lAt)[ 

< Ci(|5o,eW| + |.gi,eW| + l) \mt, ■)\\%2^oA) 

+ Cl(^|50,s(t)l' + KeWl' 

+ \hoAt)9oAt)\^ + \hiAt)9iAt)\^ 
+ \9oAt)\' + \9iAt)n, 



(60) 



for some constant ci > that is independent on e. 
By observing that and ([SS]) furnish 



Oe(t,0) = aLee(i,l) = 0, (0,T), 



we achieve 



A = e C dUW, - dlJ,){e, ~ dlJ,) dx 

JO 



(4a 



xxxx^e^e + (^xxxx^e'^xx^e) dx 



+ e [4a,0,0e - ^L.^e^s + dlxxQedlxQe\\ 

{^{dj,f + 5(9^0^)' + {dlxx<^e?) dx + £ [C^.^x^.]; 



(61) 
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In view of dM]), dMl), and dSI]), it follows from §7^ that 

^ \\(^e{t, ■)ll52(0,l) + \\9xOeit, ■)ll|2(04) 

< C2 (Iffo.eWI + Iffl.eWI + 1) Peit, •)ll|2(o,i) 

+ C2(^l4sWP + l.9'l,e(i)P (62) 

+ \hoAt)9oAt)f + \hiAt)9iAt)f 

+ \goAt)\' + \9iAt)\'^, 

for some constant C2 > that is independent on s. 

Using the notations introduced in and ([5^ . inequality (fS^ becomes 

^ Olll.fo.i) + 2^ ■)\\}mo,i) < P^it' -Mho,!) + Pe{t), 

and hence, thanks to the Gronwall lemma, 

ft 



\\eS, Olll.fo 1) + 2ee"^^*) / e-"=(^) .)|i|.(o ^ 

(63) 







Clearly, via the desired claim (|52p follows from (|63p . 

The boundedness of the families {ue}e>Oi {dxUe\e>o follows from the definition 
of the auxiliary variable in (|47p and assumption pip . □ 

We continue with some a priori bounds that come directly from the energy 
estimate stated in Lemma ITT] 

Lemma 4.2. The families {VAe>o, {^e}e>o (f^e both hounded in 

L°°{0, T; W^'\0, 1)) n L°°(0,T; M^i'°°(0, 1)), 
In particular, these families are bounded in L°°((0,T) x (0, 1)). 
Proof. To simplify the notation, let us introduce the quantity 



3 

fe = 

From (SHI and (El 



-dl,Y, + K = /e, 0) = 1) = 0. 

Using the function 



G(x,y) 



2 e-e-i ' 



2 e-e-i 



if < y < X < 1, 



which is the Green's function of the operator 1 — on (0, 1) with homogenous 
Neumann boundary conditions at x = 0, 1, we have the formulas 

V,{t, X) = G{x, y)f,{t, y) dy, dxV,{t, x) = t dxG{x, y)fS. v) dy. (64) 
Jo Jo 
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Since G > and G, dxG G L°°((0, 1) x (0, 1)), we can estimate as follows: 
mt,x)\< 1^ G(x,y)|/at,y)|dy< ||G||^^((o^i).)||/(t,-)ILi(o,i), 

\d.V,it,x)\ < /'|9,G(x,y)||A(i,y)|dy< ||5,G||^^((„^iP)||/(t,.)ILi(o,i), 
Jo 

Thanks to Lemma BTTl we conclude that the desired bounds on {T4}£>o hold. 
Finally, the bounds on {Pe}e>o follow from the bounds on {T4}e>o and PT|) . □ 

Using the previous lemma we can bound and in (cf. Lemma 4]). 

Lemma 4.3. For every t E (0,T), 

II ■)IIl~(0,1) - 11^0 II (0,1) + llffoll L~(0,T) + ll.9l IIl~(0,T) + ^T*> 

for some constant Ct > depending on T hut not on e. 
Proof. Due to dM]) and Lemma W% 

dtUe + UedxUe - edl^Ue < SUp || ^^P. || ((o^t) x (0,1)) ^ ^'t- 

Since the map 

fit) IkollLoo(o^i) + ||.9o|Il-(o,t) + II.9i|Iloo(o.t) * ^ (0'^)' 

solves the equation 

di-^^ 

and 

uM^),9o{t),giit) < fit), {t,x) e (o,r) X (0,1), 

the comparison principle for parabolic equations implies that 

u,it,x) < fit), G (o,r) X (0,1). 

This concludes the proof of the lemma. □ 

As a consequence of Lemmas 14.11 and 14.21 the second equation in ([44]) yields 

Lemma 4.4. The families {Ve}e>o, {-P£}£>o are bounded in L°°(0, T; W'^^°°{0, 1)). 

Let us continue by proving the existence of a distributional solution to ([8]), (j9|). 
pUI satisfying P^ . 

Lemma 4.5. There exists a function u G L°°((0, T) x (0, 1)) </iat is a distributional 
solution of p3p and satisfies ()18p m i/ie sense of distributions for every convex 
entropy t] £ (M) . 

We construct a solution by passing to the limit in a sequence {w^j^^Q of viscosity 
approximations (|44p . We use the compensated compactness method [30| . 

Lemma 4.6. There exists a subsequence {u^i.}keN o/{ue}e>o and a limit function 
u e i°°((0, T) X (0, 1)) such that 

Uefc -^u a.e. and m LP{{0, T) x (0, 1)), 1 < p < oo. (65) 

Proof. Let ?; : E ^ M be any convex G^ entropy function, and let g : E ^ M be 
the corresponding entropy flux defined by q' {u) = rj'iu) u. By multiplying the first 
equation in with ii{u^) and using the chain rule, we get 

dt-n{ue) + d^qiu^) = edl^ri{u^) -eri"{u^) {d^u^f + r]'{us)dxPe, 
^ .. ■■ 
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where Cl are distributions. By Lemmas [iTTl W% [131 and [13 

£i^Oinif"i((0,r)x (0,1)), 

(66) 

Ll is uniformly bounded in L^{{Q,T) x (0, 1)). 

Therefore, Murat's lemma [21] implies that 

{dt'q{u^) + dxq{ui;)} ^-^Q lies in a compact subset of iJ[^^((0, T) x (0, 1)). (67) 

The L°° bound stated in Lemma [131 (|67p . and the Tartar's compensated compact- 
ness method (3D] give the existence of a subsequence {wej.}fegN and a limit function 
u G L°°((0, T) X (0, 1)) such that ^ holds. □ 

Lemma 4.7. H^e /laue 

P,^ F" m LP(0, T; W^^^p(0, 1)), 1 < p < oo, (68) 

where the sequence {sk\f.^fi and the function u are constructed in Lemma HM 

Proof. Using the integral representation of V^^ stated in ([64]) , Lemma 14.31 and 
arguing as in [U Theorem 3.2], we get 

< C -"llLP((0,T)x(Oa)) + II V^^fc ,1 " V'l II lp(o.t) + U'^^fl " ^o|lip(o,T)) ' 

for every 1 < p < oo and some constant C > depending on uq, go, gi, but not on 
e. Therefore Lemma [1751 gives (|551) . □ 

Proo/ o/ LemmaliM Fix a test function G Cc°°([0, T) x [0, 1]). Due to (|44]) 



Uedtct) + -^9x4) - dxPe4> + £Ued^x(t)j dx dt 

Mo,e(x)0(O,x)da; + / go,e{t)(l){t,0) dt - [ .gi,e(t)^(t, 1) = 0. 
' Jo ' Jo ' 

Therefore, by the assumptions on Mo.ei 5o,ej 5i,6 and Lemmas 14.61 14.71 we conclude 

that the function u constructed in Lemma [4.61 is a distributional solution of p3p . 

Finally, we have to verify that the distributional solution u satisfies the entropy 

inequality stated in psp . Let 7] G C^(R) be a convex entropy. The convexity of ry 

and (gl]) yield 

9t77(-U£) + dxq{ue) + r]'{us)da;Pe < £5|^77(ue). 
Therefore, UH]) follows from Lemmas [HD and 14.71 □ 

We are now ready for the proof of Theorem 11.31 

Proof of Theorem^ Since, thanks to Lemma [131 u e L°°((0,T) x (0,1)) is a 
distributional solution of the problem 

'dtU + ud,u = ~d,P", it,x) G (0,T) X (0,1), 

u(0,x) ^uo{x), a;G(0,l), (69) 

uit,0) ^ goit), uit,l) = giit), tG(0,r), 

that satisfies the entropy inequalities P3)l . Theorem 11.11 tells us that the limit 
u admits strong boundary traces uj, it[ at (0,T) x {x = 0}, (0,r) x {x = 1}, 
respectively. Since, arguing as in Section [3. II (indeed our solution is obtained as the 
vanishing viscosity limit of ((69|) ). Lemma [3.11 and the boundedncss of the source 
term dxP^ (cf. ITTl) ) imply ([TOl) . Therefore, by appealing to Theorem ll.21 the proof 
of Theorem [13] is concluded. □ 
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